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Abstract

In a series of five papers we presented some fundamental knowledge about hyperbolic functions and 184
properties expressed in 193 equalities. After in a previous paper, using hyperbolic functions, we showed
that there is a field of real functions of real variable isomorphic with the field of real numbers (R,+,-), in
this paper we will present a study of Fibonacci and Lucas sequences, with the help of these functions.
Thus, starting from the definition / recurrence relations of the Fibonacci and Lucas sequences, we will
list here 18 relations between the hyperbolic functions and these sequences, followed by 12 consequences
of them, i.e. 12 relations between the terms of the Fibonacci and Lucas sequences. All these relationships
will be fully proven; moreover, some will be proven in two (or even three!) ways.
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1. Introduction

As part of a larger project entitled "Training and developing the competences of children, students and teachers to
solve problems / exercises in Mathematics", in five recent papers with the same generic name as this one and
numbered with (I), (IT), (III), respectively (IV), I presented the definitions, the consequences immediate resulting
from these and a series of 38 properties of hyperbolic functions, properties that we divided into four groups, as
follows: A) "Trigonometric" properties - nine properties; B) The derivatives of hyperbolic functions - six
properties; C) The primitives (indefinite integrals) of hyperbolic functions — six properties and D) The monotony
and the invertibility of hyperbolic functions - 17 properties. That in paper (I). In paper (II) I continued this approach
and I presented another 54 properties of these functions, properties that have divided into three groups, as follows:
E) Other properties "trigonometric" - 42 properties; F) Immediate properties of the inverse of hyperbolic functions
— six properties and G) The derivatives of the inverse of hyperbolic functions - six properties. In paper (III) also I
continued this approach and I presented another 36 properties of these functions, properties that we will divide into
three groups, as follows: H) Properties ,,integral” and rewithrrence formulas - 11 properties; I) Relations between
the inverse of hyperbolic functions - five properties and J) Relations between the hyperbolic functions and the
inverses of other hyperbolic functions - 20 properties. In paper (IV) continuing those presented in the first three
papers I presented and proved another 32 properties of these functions, properties that properties that we will
classify them in the same group K): Sums and differences of inverse hyperbolic functions. Finally, in paper (V) I
finished the presentation of the properties of these functions with two more categories: L) - Other relationships
between the inverses of hyperbolic functions (four properties) and M) - Taylor series expansion of hyperbolic
functions and their inverses (12 properties).

Because there are a total of 184 properties, expressed in 193 equalities, which we cannot repeat here, and
because we use some of them, we will present their numbering, as they appear in the works mentioned above. Thus,
the attentive and interested reader of these issues, to understand very well the proofs of these relationships, you will
need to consult the papers where the properties of the hyperbolic functions used in this paper appear and are
proven.

Therefore, this paper is also a continuation of the five papers mentioned above. The numbering just
mentioned is as follows: the results numbered with (2.1) to (2.16), respectively (3.1) to (3.30) are from paper (I) -
i.e. (Valcan, 2016), those numbered with (4.1) to (4.54") are from paper (II) — i.e. (Valcan, 2019), those numbered
with (5.1) to (5.40") are from paper (III) — i.e. (Valcan, (1), 2020). Results numbered with (6.1) to (6.38) are those
presented and proven in paper (IV) — i.e. (Valcan, (2), 2020) and, finally, those numbered with (7.1) to (7.23) are
those presented and proven in paper (V) - that is (Vélcan, 2021).

As I mentioned in previous papers, these properties, can be used in various applications in Algebra or
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Mathematical Analysis.

In (Vilcan, 2019), using the hyperbolic functions sh and ch and some of their properties, we showed that
there is a field of real functions of a real variable isomorphic with the field of real numbers (R,+,:).

In this paper we will present another application of hyperbolic functions and of some of their properties in
Algebra. More precisely, here, starting from the definition / recurrence relations of two known sequences
(Fibonacci and Lucas), we will present and prove 18 relations between hyperbolic functions and these sequences,
followed by 12 consequences of them, i.e. 12 relations between the terms of the Fibonacci and Lucas sequences.

All these relationships will be fully proven; moreover, some will be proven in two (or even three!) ways.

Of course, the Fiboncci and Lucas strings are very well known and the literature of the field has many
relationships, properties, but also their applications. In this regard, we invite the reader, attentive and interested in
these issues, to consult this literature, especially the one presented in

https://mathworld.wolfram.com/FibonacciNumber.html
and

https://mathworld.wolfram.com/LucasNumber.html.

2. About the Fibonacci and Lucas sequences

Consider the sequences (F,),>; and (L,),>1, defined as follows:
F] =1 N F2= 1
and, for every neN, n>3,

(1) Fo=F;.1+Fq0;
respectively:

L1=1 . L2=3
and, for every neN, n=3,

(2) Ln:Ln—1+Ln—2-
The sequences (F,),>; and (L,),»;, defined above are called the Fibonacci sequence and the Lucas
sequence, respectively.

We notice that the two sequences have the same first term and the same recurrence relation. Because they
do not have the same second term, the sequences differ; here are some values of these sequences:

1 1 1 4 | 3 7 7 | 13 | 29 | 10 | 55 | 123
2 i 3 5 | 5 1 8 | 21 | 47 | 11 | 8 | 199
3 | 2 4 6 | 8 18 9 | 34 | 76 | 12 | 144 | 322

Let us determine the general terms of the sequences (F,),>; and (L,),>;. According to the recurrence relations, (1),
respectively (2), for every neN",

(3) F=a-a"+B-b"
and

(4) L=y-a"+5b",
where a and b are the roots of the equation:

(5) x’=x+1,
and the coefficients o, B, v, d€R, are determined from the initial conditions. Solving the equation (5), we obtain
that:

=1+\/§ 1-+/5

and b= .
2 2

a

From the initial conditions for the sequence (Fy),>; and from the equality (3), for the first two values of n,
we obtain the system:
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a-a+fB-b=1
(6) { P

oa-a’+p-b*=1

that is:
1+\/§ 1—\/§
o- +B- =1
7 2 2
3+\/§ 3—\/5
o- 5 +B- 5 =1

Solving the system (7) we obtain that:

and =

-

5

Now, relation (3) shows us that for every n N,

1
& 5. (ﬂ] _(ﬂ]

2 2
Because,
©) 1 B 1
J5 a-b’
From equalities (8) and (9), it follows that:
(10)F,= a’ -b’
" a-b

We return now to the sequence Lucas. From the initial conditions for the sequence (L,),>; and from the
equality (4), for the first two values of n, we obtain the system:

that is:

1+/5 1-+/5
y. +8. =

1
2 2
(12)
3+4/5 3-4/5
Y- 3 +0- 5 =3

Solving the system (12) we obtain that:

y=1 and o=1.
Now, relation (4) shows us that, for every neN",

B ﬁ] {1 - ﬁ]

2 2

(13)L,= (
that is,

(14)L,=a"+b".
The equalities (10) and (14) are called Binet's Formulas.
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We will use, further, the following notation: if a, beR and neN, then:

a,if nisodd
[abli=9. .. . . (*)
b,if niseven

3. The main results
With the above notations, the following statements hold:

Teorema A: If a is a root of the equation (5), k, m, neN, the following equalities hold:

1
D) shiko)= AL V5 Fiulian A1)
1
2) Ch(kx): E [\/g 'Fkankn]knv (AZ)
3) Sh(x"'y):é [Lysms \/E Foimlnsms (A.3)
4) Ch(x"‘)’):é [\/g 'Fn+man+m]n+ma (A4)
5) Sh(x'y)=é '[Ln-m: \/3 'Fn-m]n-ma (AS)
6) Ch(x')’):é [\/E 'Fn-man-m]n-m’ (A6)
where:
x=n-na and y=m-na.

Proof: 1) According to the statement and equality (2.1),

ek _gkx gknina _e—kn-lna elnak" _ef<1nak"
15)sh(kx)= = =
(5)sh(kx)= ) >
(0
_ akn _ a _( b)kn
- 2 )
l kn kny : .
E-(a +b™"),if kn is odd
%-(akn —b*),if kn iseven

On the other hand, from the equality (14) it follows that:

(16)Ly,=a""+b*",
and from the equalities (9) and (10), it follows that:

A7) /5 F=a " b,
Now, from the equalities (*), (16) and (17), it follows that:

-L,, ,if knisodd

1
(18) [y VS Fiohr=
-\/E-Fkn,if kn iseven

SR SN
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%~(akn +b""),if kn is odd

1

2
Finally, from the equalities (15) and (18) it follows the equality (A.1).
2) According to the statement and the equality (2.2),

(a*™ —b"),if kn iseven

kx —kx knlna —knlna Inak" —Inak®
(19)Ch(kx)= e +c _ € +¢e _ € +¢c
2 2 2
akn + l .
_ akn + a—kn _ a _ akn + (_b)kn
2 2 2
1 . .
5 (a*™ —b*),if kn is odd

1 e '
5 (@" +b""),if kn is even
Now, from the equalities (*), (16) and (17), it follows that:

/5 -F_,if kn is odd
1
@1 V5 FunLial

-L,, ,if kniseven

= =

%- (@ —b""),if kn is odd

%- (@™ +b*),if kn iseven

From the equalities (19) and (20) it follows that the equality (A.2) holds.
3) According to the statement and equality (2.1),

ex+y —e XV en~]na+m~]na _e—n~]na—m~1na Ina"™™  —Ina™"™
(21)sh(x+y)= = =
2 2 2
o (1)
~ an+m _a—n—m ~ a _ an+m _ (_b)n+m
2 2 2
1 n+m n+my :
5-(a +b"™™),if n+mis odd
B 1 n+m n+my .
5-(21 -b"™),if n+ miseven

Now, from the equalities (*), (16) and (17), it follows that:

| l-me ,if n + misodd
(22) 5 [Lntms \/g ‘Frsmlnem= %
E-\/E-an,if n+miseven

(@"™ +b"™),if n+mis odd

(@™ —=b""™),if n+miseven
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From the equalities (21) and (22) it follows that the equality (A.3) holds.
Otherwise: According to the equalities (3.2), (A.1), (A.2) (- for k = 1) and (22),

(23)sh(x+y)=shx-chy+chx-shy
=% L5 F]% 15 -Fm,Lm]m% L A5 Fonlar % /5 FuLul,

(L, -+/5-F +L,_ -~/5-F),if nisodd and mis odd

-(L,-L, +\/§-Fm -\/g-Fn),ifnisoddand miseven
-(\/g-Fn -\/E-Fm +L,-L, ),if niseven and mis odd
(L, -v/5-F +L, -+/5-E,),if niseven and mis even
J@a™+b")-(@a™ —=b™)+(@" +b™)-(a" —b")], if nisodd and mis odd
J@a™+b")-(@a™ +b™)+(a" —=b")-(a™ —b™)], if nis odd and mis even

J@"-b")-(@" -b™)+(@" +b™)-(a" +b")],if niseven and mis odd

J@™+b™)-(a"—b")+(@" +b")-(a™ —b™)],if niseven and miseven

(@™ —b™™M),if nis odd and mis odd
-(@"™ +b"™™),if nisodd and mis even
-(@"™ +b™™),if niseven and mis odd

(@™ —b"™),if niseenand mis even

(@™ —-b""™M),if n+mis odd

N — = NRI= = = = N p = A= B = B = A= A= A=

-(@"™+b"™),if n+miseven

=% ‘[Lm,m, \/g 'Fn+m]n+m-

4) According to the statement and equality (2.2),

ex+y +e XY en~lna-¢—m~]na +e—n<lna—m~lna eInaner + e—~lna"+m
(24) ch(x+y)= = =
2 2 2
n+m
PLI 1
gitm | gmom a gtm +(_b)n+m
2 2 2
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1 +m n+my .
E~(a1rl —b™™),if n+misodd
1 n+m n+m . .

E~(a +b"™),if n+miseven
Now, from the equalities (*), (16) and (17), it follows that:

l-\/g-Fn+m,ifn+misodd

1
(25) - [ \/g 'Fn+msLn+m]n+m = 2

2 1 ) .
E-me ,if n + miseven
1 n+m n+my .
5-(a —b"™),if n+misodd

) 1 n+m n+my .

E-(a +b™™),if n+miseven

From the equalities (24) and (295) it follows that the equality (A.4) holds.
Otherwise: According to the equalities (3.4), (A.1), (A.2) (— for k=1) and (25),
(26)ch(x+y)=chx-chy+shx-shy

=— V5 -Fn,Ln]n-% 5 -Fm,Lm]m% [La /5 -yl % L V5 Furln
-(\J5-F, -+/5-F, +L_-L_),if nisodd and mis odd
-(\J5-F,-L_+L, -+/5-F,),if nisodd and mis even
(L, ~\/§~Fm +\/§-Fn -L,,),if niseven and mis odd

(L, L, +\/§-Fn -\/§~Fm),if niseven and miseven

R it o i S e S B O

J@"-b")-(@" -b™)+(@" +b™)-(a" —b")],if nisodd and mis odd
J@a™=b")-(@™ +b™)+ (" +b")-(a™ —b™)], if nis odd and mis even
J@"+b")-(@" -b™)+(@" +b™)-(a" —b")],if niseven and mis odd

J@™+b™)-(a"+b")+(a" —b")-(a™ —b™)],if niseven and miseven

Bl— b= A= &

(@™ +b™™M),if nis odd and mis odd
(@™ —b"™™),if nisodd and mis even
("™ —b"™),if niseven and mis odd

-(@a"™ +b"™M),if niseven and miseven

WR[—= = = N~
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l-(ar1+m +b™™),if n+misodd

1 . .
—-(@"™™ -=b""™),if n+miseven

2
=% [ \/g ‘ F n+msLn+m]n+m-

5) According to the statement and equality (2.1),

-m

(27) h( ) X-y _e—x+y en-lna—m~]na _e—n~lna+m~]na elna" e
S X-y)= = =
Y 2 2 2
an_m ~ 1 n-m
~ an—m a—n+m _ a ~ an—m _ (_b)l’l—m
2 2 2
1 n-m n-my : :
E-(a +b"™),if n-misodd
- 1 n—-m n-my .
E'(a —b"™),if n-miseven
Now, from the equalities (*), (16) and (17), it follows that:
1 . .
E.L’H“ ,if n-misodd

1
(28) E '[Ln—m9 \/g 'Fn—m]n—m= 1
—'\/E-Fn_m,if n-miseven

(@™ +b"™),if n-misodd

[ —= = D

-(@"™ =b"™),if n-miseven

From the equalities (27) and (28) it follows that the equality (A.5) holds.
Otherwise: According to the equalities (3.4), (A.1), (A.2) (— for k=1) and (28),
(29)sh(x-y)=shx-chy-chx-shy
1 1 1 1
=— Lo, /S Fal = [V5 FuLlr = L V5 Flw = [V/5 FuLal,

2 2 2 2
(L, -+/5-F, —L_-+/5-F),if nisodd and mis odd
(L, -L, —\/g-Fm -\/g-Fn),if nisodd and miseven
-(\/g-Fn -\/g-Fm —-L_ -L,),if niseven and misodd
(L, -\/E-Fn -L, -\/g-Fm),if niseven and miseven
J@a"+b")-(@a™ -b™)—(a™ +b™)-(a" —b")],if nis odd and mis odd
J@a™ +b")-(@a™ +b™)—(a" —b")-(a™ —b™)],if nis odd and miseven

J@"-b")-(@™ -b™)—(@" +b™)-(a" +b")],if niseven and mis odd

J@™+b™)-(a"—b")—(a" +b")-(a™ —b™)],if niseven and miseven

£ N N O U S N R N
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%-(am-b“—a“-bm) ,if nis odd and mis odd

%-(am-b“+a“-bm) ,if nisodd and miseven

%-(—a" -b™ —a™-b"),if niseven and is odd

%.(_am -b" +a" -b™),if niseven and miseven

%. —a ](3 Jma ‘b J,ifnisoddandmisodd

%. a 'b( ’1“)‘1 b ] .if nisodd and mis even

%. a 'b( :)i b j ,if nis even and mis odd

I (—a™-b"+a"-b™ ) .. . .

5 =T ,if niseven and miseven

%. —a "?n ;ff b j,ifnisoddandmisodd
a .

%. a 'bm+§m'b j ,if nis odd amd miseven
a .

%. a 'bm+§m'b J ,if niseven and mis odd
a .

1 (—a™-b"+a"-b™ ) .. . )

5 g ,if niseven and mis even
a .

%-(anrn —b"™),if nisodd and mis odd

%'(a“m +b"™),if nis odd and miseven

%-(a"‘m +b"™),if niseven and mis odd

%-(a"_m —b"™),if niseven and miseven

1 n-m n-my :

5.(3 +b"™),if n-mis odd

) 1 n—-m n-my : .
E.(a -b"™),if n-miseven

:% '[Ln—ma '\/g 'Fn—m]n-m-

6) According to the statement and equality (2.2),

n-m

X+y nlna—mlna —nIna+mlna Ina"™ —Ina

30)ch(x-y) eV +e e +e e +e
cn(x-y)= = =
Y 2 2 2
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n-m
_ B a4 — _ _
an m + a n+m (aj an m + (_b)n m

2 2 2

1 -m n-my :
E-(an -b"™),if n-mis odd

1 n-m n-my : .

E-(a +b"™),if n-miseven
Now, from the equalities (*), (16) and (17), it follows that:

n-m?

1 if n-misodd
(31) - [ \/g 'Fn—myLn—m]n—m =

2 . )
-L ,if n-miseven

n-m

= =

%~(a“‘m —b"™),if n-misodd
1

5 (@™ +b"™),if n-miseven

From the equalities (30) and (31) it follows that the equality (A.6) holds.
Otherwise: According to the equalities (3.5), (A.1), (A.2) (— for k=1) and (31),
(32)ch(x-y)=chx-chy-shx-shy

=% V5 FuLuly % 5 -Fm,Lm]m—% Lo /5 Foly % Lo VS Fulm

.(J5-F -v/5-F, -L,_ -L_),if nisodd and mis odd

-(\/g-Fn ‘L, —L, -\/g-Fm),ifnisoddand miseven

(L, '\/E'Fm —\/§~Fn -L ). if niseven and mis odd

(L, -L._ —+/5-F -/5.F,),if niseven and mis even
J@"-b")-(@" -b")—(@" +b™)-(a" —b")],if nis odd and mis odd
J@"-b")-(@" +b™)—(@" +b")-(a™ —b™)],if nis odd and miseven
J@"+b")-(@" -b™)—(@™ +b™)-(a" —b")],if niseven and mis odd
J@a™ +b™)-(a" +b")—(a" —b")-(a™ —b™)],if niseven and miseven
-(—=a"-b™—a™-b"),if nisodd and mis odd

-(@"-b™—a™-b") ,if nisodd and miseven

-(—a"-b™ +a™-b"),if niseven and mis odd

-(@"-b™+a™-b") ,if niseven and miseven

NR[—= = N[ —= N~ A= B|= A= A= A= A= B|—= |
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L [al-bi+al-bP ) i odd and mis odd
2 (=D"
l- —a’-b +a’-b ,if nis odd and mis even
2 -n"
l- —a’-b +a’-b ,if niseven and mis odd
2 GV
1 (a™-b"+a"-b" e .
—- ,if niseven and mis even
2 (=D"
L[al-b+at-bP ) i i odd and mis odd
2 a”-b"
l- —a’-b +a’-b ,if nis odd and mis even
2 a”-b"
l- —a’-b +a’-b ,if niseven and mis odd
2 a”-b"
1 (a™-b"+a"-b™ . )
—- ,if niseven and miseven
2 a”-b"
l-(a“‘m +b"™),if nisodd and mis odd
2
%-(a“’m —b"™),if nis odd and miseven
l-(a“*m —b"™),if niseven and mis odd
2
%-(anm +b"™),if niseven and miseven
1 n-m n-my :
5-(a —b"™),if n-misodd

) 1 n-m n-my .
5-(a +b"™),if n-miseven

=% 15 Fom Lol U

The following results are consequences of the above.
Corollary B: With the notations in Theorem A, the following equalities hold:

7) th(kx){\/ng; ‘/gLFk} : (B.1)
: kn kn k
8) cth(kx)= JS-F, b Ly : (B.2)
L, 'J5-F, |
9) sch(kx) 2 2 | (B.3)
SC. X)= e s .
J5-F L, |
L dkn
10) csh(kx) 2 2| (B.4)
csh(kx)=| —, ; .
_L]m \/E.Fkn_kn
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11) th(x+y){ NG ;’j \/EL F”*’”} ; (B.5)
J5-F. L }
12) cth(x+y)={ nm i ; (B.6)
Ln+m \/g m
_ 5 ) _
13) sch(x+y)= \/5 L ; B.7)
- ) 5 Z
14) csh(x+y)= 3 ’\/E r ; (B.8)
L -F
15) th(x-y)= {\/5 ”’I’?" , \/EL nomn } ; (B.9)
16) czh(x-y){\/i' b , \EL ;’j } ; (B.10)
17) sch(x-y)= 2 ,i ; (B.11)
V5F. L.
18) csh(x-y)= L,; (B.12)
_L”_m \/g ’ F”—m Jdn—-m

Proof: 7) According to hypothesis and equalities (2.3), (A.1), (A.2) and (*),
shko) _[Lyp V5 Fy,
ch(kx) [J5-F,,L
Lin
\/g ‘K,

(33)th(kx)=

kn Jkn

,1f kn is odd

,if kniseven

kn
_ Lkn \/g.Fkn .
\/ngn 9 Lkn ) )

which shows that the equality (B.1) holds.
Otherwise: According to hypothesis and equalities (2.3"), (16) and (17),
kx —kx kn-lna _e—kn-]na elnak" _eflnak“

€ —¢C €
(34)th(kx)=—
€

+e—kx = ekn-lna +e—kn~1na = elnak“ +eflnak“

k
akn 1 !
_ akn _afkn a _ akn _(_b)kn
Tk -k kn T _k k
a'+a (1)" a'+(-b)"
a +

a
kn kn
a’+b" . .
ﬁ,lfkl’llSOdd
_Ja’-b
akn bkn

,if kn is even
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Lkn
\/g : Fkn
\/g ) Fkn

,1f kn 1s odd

,if kn iseven

kn
_ Lkn \/g ) I::kn .
J5-E, L, |°

therefore, we obtain again the equality (B.1).
8) According to hypothesis and equalities (2.4), (A.1), (A.2) and (*),

ch(kx) _ I_\/g ‘Fos L fo
Sh(kx) B I_Lkn’\/g ' Fkn Jkn

J5-F

kn if kn is odd

(35)cth(kx)=

kn

L . .
——k__if kn iseven

\/g ’ Fkn
|:\/g ) Fkn Lkn :| .
N _Ikn

L, +5E
which shows that the equality (B.2) holds.
Otherwise: According to hypothesis and equalities (2.4"), (16) and (17),

kx —kx knna —knIna Inak®

+e € +e € +e

kx —kx = knna —kn-Ina = kn —_lnakn
—e elna _ Ina

—C €

(36)cth(kx)=

kn
kn
AT —
_akn +a kn ~ (a) _akn +(_b)kn

akn _afkn akn _(1jkn akn _(_b)kn

a
kn kn
a’ —b™" . .
ﬁ,lfkﬂlSOdd
_Ja"+b
akn_l_bkn

ﬁ,ifkniseVen
a’' —b

\/g .Fkn

kn

L ) .
kn__if kniseven

\/g .Fkn

\/g ) Fkn Lkn .
Lkn ’ \/g ’ l::kn k ,

,if kn is odd

therefore, we obtain again the equality (B.2).
9) According to hypothesis and equalities (2.5), (A.2) and (*),

2
ch(kx) |J/5-E,,L

-

(37)sch(kx)=

kn Jkn
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2
\/g‘Fkn

i ,1f kn is even

kn

{ 2 L]
J5-F, L, |

which shows that the equality (B.3) holds.
Otherwise: According to hypothesis and equalities (2.5"), (16) and (17),
2 2

2
(38)SCh(kX)= ekx +e—kx = ekn<lna +e*kﬂ'1na - elnak" +e—ln

2 2 2
- akn 4 a—kn B (1 Jkn - akn + (_b)kn
a +

,if kn is odd

akn

g if knisodd

2

ﬁ,ifkniSCVen
a'+b

,if kn is odd

,if kn iseven

{ 2 L]
\/E'Fkn’Lk" kn’

therefore, we obtain again the equality (B.3).
10) According to hypothesis and equalities (2.6), (A.1) and (*),

2
(39)csh(kx)= =f 3
Sh(kX) lLkn"/g’Fkn Jkn
i ,if kn is odd
— kn
2

,if kn is even

\/g.Fkn

— 2 2 .
Lkn ’\/g.Fkn kn’
which shows that the equality (B.4) holds.
Otherwise: According to hypothesis and equalities (2.6"), (16) and (17),

(40)csh(kx) 2 2
CS X)= = = kn kn
ekx _ A kx ekn-lna _e—kn-lna elna _lna
2 2 _ 2
akn _ a—kn o 1 kn akn _ (_b)kn
a — —
a
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2
a" +b

2
akn _bkn ’

—,if kn is odd

if kn iseven
2 ) .

—_— ,if kn is odd

Lkn

if kn iseven

2
\/g.Fkn ’

2 2
Lkn \/_Fk" kn

therefore, we obtain again the equality (B.4).
11) According to hypothesis and equalities (2.3), (A.3) and (A.4),

Sh(x+Y) [Lucwe V5 Fromh
ch(x+y) |5-F

n+m? n+m +m

@) th(x+y)=

om f n+mis odd

\/g ’ I::ner
\/g ) Fn+m

n+m

Ln+m \/_ l::n+m .
\/g . 1:m—m n+m n+m ’

which shows that the equality (B.5) holds.
Otherwise: According to hypothesis and equalities (2.3"), (16) and (17),

n+m

,if n+miseven

n+m

X+y _ e—x—y

€
(42)th(X+y): X = nlnatmina “nina—mina n+m n+m

e +y +e*X*)’ e +e elna +e—1na

n+m
an+m _ l
an+m _ a—n—m a a.n+m _ (_b)n+m

an+m + a—n—m (1jl’l+m an+m + (_b)n+m
an+m +

nlna+m-lna —nlna—mlna Ina —Ina
€ —€ € —€

n+m

a ) )
W if n+misodd
a
a"
a

+m n+m

m,lfn+miseven
+b

pm if n+misodd

\/g ’ Fn+m ,
\/g ) Fn+m

n+m

_|: Ln+m \/g l::n+m :| .
\/g : 1:n+m n+m n+m

therefore, we obtain again the equality (B.5).

Otherwise: According to hypothesis and equalities (3.6), (B.1), (16) and (17),

,if n+miseven
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L

n

J5-F,

thx +thy _ L/gF L,

m

L b
s

(43)th(x+y)=
1 L

n

J5-F,

50

L

+thx-thy_1
+ ,
J5-F,

L

. J5-F,
L LV5E, .

Ln
L

m

n + m
J5-E, +5-F,

L

L
3 ,if nisodd and misodd

L

n

I+=——7="
J5-F, J5-F,

J5-F,
+

. L
\/EF“ m___ if nisodd and miseven
1+ L, '\/E-Fm
\/E.Fn Lm
] V5L,
+

L .
2 J5 Ey ,if niseven and mis odd
1+\/§'F“ =

L, +5-F

L

JV5-F, V5°F,

L e )
,if niseven and miseven

J5-F, J5-F,
1+ .

L

n

a" +b"

L

m

a™ +b"

a" —b"

a”=b™_ if nisodd and mis odd

a" +b"
1+ "
a —
a"+b"

a" +b
.am—bm
a™ —-b"

a"—b"

a” +b"

1+a +b

,if nis odd and miseven
a" —b"

a"—b"
a" —b"

a”™ +b"
a™ +b"

a" +b"

a™ —b"

———,if niseven and mis odd
a” +b

a"—-b"
1+

a"+b"
a" —b"

a™ —-p"
a™ —-b"

a" +b"

a” +b"

1+2 b

,if nisieven and mis even
a" —b"

a"+b"
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@ +b")-@™ -b™)+(@"-b")-(a™ +b™)

(@"-b")-@™ -b™)+@"+b")- @™ +b™)’
@ +b")-@™ +b™)+ (" —-b")-(@™ -b™)

(@"—-b")-@™+b™)+@"+b")-(a™ —b™)’
@"-b")-@" -b")+@"+b")-(@a™ +b™)
@ +b")-@™ -b™)+(@" -b")-(a™ +b™)
@"-b")-@" +b™)+(@"+b")-(@a" -b™)
@"+b")-@" +b™)+(@" -b")-(@a" -b™)

if nis odd and mis odd

if nisodd and miseven

,if niseven and mis odd

,if niseven and miseven

an+m _ bn+m
,if nisodd and misodd
n+m n+m
a”™™m+b
an+m bn+m
,if nis odd and miseven
n+m n+m
_Ja b
n+m n+m
a"™+b e .
,if niseven and mis odd
n+m n+m
a b
a'l'l+l'1'1 bn+m ) ) .
——————if niseven and miseven
a""™m+b

\/_F

I1+H1

,if nisodd and mis odd

n+m

,if nis odd and mis evenr

,if niseven and mis odd

I1+H1

,if niseven and mis even

n+m

\/_
\/_
\/_
\/_

n+m

,if n+miseven

n+m

L“$,if n+misodd

J5-F

n+m

_ Ln+m \/g l::n+m .
\/g ) Fn“n , n+m n+m ’

therefore, we obtain again the equality (B.5).
12) According to hypothesis and equalities (2.4), (A.3) and (A.4),

ch(x+y) V5 FomLoon o
sh(x+y) |L,...V5F

J5.F

——m Hf n+misodd

n+m

\/_F

_ \/g.FnJr Ln+m .
Lyw ~S-Fo|

which shows that the equality (B.6) holds.

(44)cth(x+y)=

,if n+miseven

38 | Study Of Fibonacci And Lucas Sequences, With The Help Of Hyperbolic Functions: Teodor Dumitru Valcan



©lInstitute for Promoting Research & Policy Development ISSN 2693-2547 (Print), 2693-2555 (Online)

Otherwise: According to hypothesis and equalities (2.4"), (16) and (17),

n+m n+m

X+y ndna+m-na —n-lna—mna elna —Ina

e’ +e Y e e
(45)cth(x+y)= = =
ex+y —X-y nlna+mlna e—n~lna—m-lna elna _ ,-lna

—C €

n+m
an+m + l
~ an+m +a—n—m a ~ an+m +(_b)n+m

n+m —n—-m n+m ~ _n+m n+m
a""—a a“*m—(l] a""" —(-b)

W,lfn+misodd

a"
a
a" )
W,lfﬂ+mlseven
a

V3 -Fom ,if n+misodd

n+m

n+m

\/g.Fner ’

_ \/g ) F[Hm Ln+m .
Lr”m \/_ S-K n+m ’

n+m

if n+miseven

therefore, we obtain again the equality (B.6).
Otherwise: According to hypothesis and equalities (3.8), (B.1), (16) and (17),

[ L, \/E-Fn} { L, \/E-Fm} N

cthx -cthy +1 J5-E L, . J5-F, L, N

cthx +cthy L. J5F L 5F
L/E-Fn’ L, } [\/_F L, }

(46)cth(x+y)=
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L

Loy

NS

o+
J5-F,

L

n

L ,if nisodd and misodd

m

J5-F,

Ln

+
J5-F,
J5-F,
+

1

J5F,

L
,if nis odd and mis even

L

n

J5-F,
V5-F,

J5-F,
+
Lm

L |

Lll

+
J5-F,

,if niseven and mis odd

J5-F,

LHI
—+

L

n

V5-F,

J5-F,
J5-F,
+

1

L

n

L

J5-F,

,if niseven and miseven

L

n

a" +b"

J5-F,
+
Lm

a™ +b"

a"-b"

. +1

a” —b” ,if nis odd and mis odd

a"+b"

m

a" —-b"
a" +b"

a”+b
+ m m

a"—-b
a™ —-b"

. +1

a"—b"

a” +b"

a"+b"

— ,if nis odd and mis even
a —

a"—b"
a"—-b"

a™ +b"

a™ +b"

+1

a"+b"

am _bm . . .
,if niseven and mis odd

a"—b"

a™ +b

a"+b"
a"-b"

a™ —-b"

a™ —-p"

+1

a"+b"

m m
a” +b ,if niseven and miseven

a"—b"

a™" —

a"+b"

@"+b")-

a™ +b"

@"+b")+(@"-b")-(@" —-b™)

(a" +b")-
(@"+b")-

@™ +b™)’
(@™ +b"™)

@" -b")+(@"-b")-
@™ -b")+(@"-b")-

@"+b")-
(a"—b")-

(@™ -b"™)’

(a” —b")

@™ +b™)+(@" —b")-

@™ +b")+(@"+b")-

(@"-b")-
(@a"-b")-

@™ -b")+(@" +b")-
@™ -b")+(@" +b")-

(@™ +b"™)

(@™ +b")

(a" -b")-

(@™ +b™)+(@" +b")- (@™ -b™)’

if nisodd and mis odd

if nisodd and miseven

,if niseven and mis odd

if niseven and mis even
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O |

n+m

V5 -F,.,
V5 -F,o
Ln+m
V5-F,

n+m

n+m

\/g ’ I::ner

n+m

J5-F

an+m + bn+m

an+m _ b[1+m

,if nisodd and mis odd

n+m _ bn+m

n+m +bn+m
n+m _ bl’1+m
n+m +bn+m
n+m +bn+m

n+m bn+m

,if nis odd and mis even

,if niseven and mis odd

,if niseven and miseven

,if nisodd and misodd

,if nis odd and miseven

,if niseven and mis odd

,if niseven and mis even

,if n+miseven

n+m

\/g ) 1::n-*—m

n+m

,if n+misodd

Ln+m

_ |: \/g ) 1::n+m Ln+m

, \/g ' Fn“n :|n+m ’

therefore, we obtain again the equality (B.6).

Otherwise: According to hypothesis and equalities (2.4) and (B.5),

1

47) cth =
(47) cth(x+y) th(x+y)
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%,ifn+misodd

n+m

n+

—m if n+miseven

J5-F

n+m

{JEF L

n+m n+m

Ln+m ’ \/g ) 1::n+m :|n+m ’

therefore, we obtain again the equality (B.6).

13) According to hypothesis and equalities (2.5) and (A.4),

1 2
Ch(X + y) B |_\/g : Fn+m ’ Ln+m +m

(48)sch(x+y)=

L,if n-+misodd
\/g.Fn+m

2

L

n+m

,if n+miseven

pa— 2 2 .
\/g : I::n+m , Ln+m n+m ’

which shows that the equality (B.7) holds.
Otherwise: According to hypothesis and equalities (2.5"), (16) and (17),

2 2 2
(49)sch(x+y)= =

~ _nlna+mlna —nlna—mlna ~  pantm n+m

eV +e™ e +e e +e
2 2 2

an+m + a*ﬂ*m an+m +[1)n+m an+m + (_b)n+m

—Ina

2
—’
an+m _ bn+m

2

n+m bn+

a +

if n+misodd

—,if n+miseven

,if n+misodd

2
\/g ) Fn+m

It

,if n+miseven

-

—_— 2 2 .
\/g ' F"+m ’ Ln+m n+m ’

therefore, we obtain again the equality (B.7).
14) According to hypothesis and equalities (2.6) and (A.3),
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1 2
Sh(X + Y) - |_Ln+m’ \/g ' 1:n+m Jn+m
L ,if n + mis odd

2
J5-F

n+m

(50)csh(x+y)=

,if n+ miseven

{ 2 2 } |
Ln“n \/g ’ F“+m n+m
which shows that the equality (B.8) holds.

Otherwise: According to hypothesis and equalities (2.6"), (16) and (17),

2 2 2
(SI)CSh(X+y)= e)(er _e—x—y = en-]na+m-]na _e—n-lnafmlna = Ina™™ _Ina™tm
2 2 2
= e “nem +m o _n+ +
anm_anm anﬂn_lnm anm_(_b)nm
a
2 . .
TR if n+misodd
a +
2

if n+miseven

n+m bn+m ’

a
2 . )
_— ,if n + mis odd
Ln+m
- 2 . .
—— ., if n+miseven
\/g'Fner

{ 2 2 } |
Ln“n \/g ) F“+m n+m
therefore, we obtain again the equality (B.8).

15) According to hypothesis and equalities (2.3), (A.5) and (A.6),

sh(x—y) |Ly o5 Frnh
ch(x=y) V5 F .Lo)n

(52)th(x-y)=

L“—‘m,if n-misodd
\/g 'Fn—m
5F .
——0m f n-miseven
Ln—m
_ Ln—m \/g ) Fn—m .
\/g ) Fn—m ’ L"—m n—-m ,

which shows that the equality (B.9) holds.
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Otherwise: According to hypothesis and equalities (2.3"), (16) and (17),

—X+ nna-mlna —nna+mlna Ina"™ —Ina™™
Y e e —e

e’V —e e -

(Ss)th(X'Y): ex*y + e”‘*)’ = eﬂ‘lna—m-lna + efn-lnaer-lna - e]na + e—lna

n-m

n—-m
a1’1—1’11 _ 1
an—m _a—n+m a an—m _ (_b)n—m

= g™ +a—n+m - (1Jn—m - qnm +(_b)n—m
n-m
a +| —

a

n—-m n—-m

+b . .

———if n-misodd
n—-m _ bl’l—m
n—-m n—-m

—,if n-miseven

n

o e

—20_if n-misodd

\/E'Fn—m
J5.F

L—“’“‘,if n-miseven

n—-m

_ Ln—m \/g'Fn—m .
VSE. L. |

therefore, we obtain again the equality (B.9).

Otherwise: According to hypothesis and equalities (3.7), (B.1), (16) and (17),

L «/§~Fn} { L. «/§~Fm}

thx — thy L/EF L, J5-E ' L,

(54)th(x-y)= =
1—thx - thy 1_{ L \/E-Fn} { L, \/E-Fm}

J5-E L, J5s-E' L,
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Ln N Lm
J5-F  \5-F,
L, L,

J5-F, JJ5-F,

L, <5F
J5-E L,

L, 5F,

,if nisodd and misodd

,if nis odd and mis even

1—
J5-E, L,
| VR L,
L .
= V5 Ey ,if niseven and mis odd
1_\/§-Fn L,
L, +5F
V5-F, 5F,
L, L, if niseven and mis even
1_J§~Fn_£-Fm’
Ln Lm
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a"+b" a"+b"
an_bn am_bm

a"+b" a" +b"
an_bn am_bm
a"+b" a"-b"

a"—b" a"+b"

1

an+bn am_bm
a"—-b" a™+b"
a"-b" a"+b"

a”+b" a"-b"

1

1_a“ -b" .am +b™
a"+b" a" -b"
an _bl’l _am _bm

a”+b" a"+b"

1_a“ -b" .am -b"
a"+b" a" +b"

(@"+b")-(@a" -b")

,if nisodd and misodd

,if nis odd and mis even

,if niseven and mis odd

,if niseven and miseven

—(@ =b")-@" +D") Lp i oddand misodd

(@"-b")-(@" -b")
(@"+b")- (@™ +b™)

—(@"+b")-(@a™ +b™)

—(@’ —b)-(@a” —b") if nis odd and mis even

@"-b")-(@a" +b")
(an _bn)_(am _bm)

—@"+b"-@™ -b™)’

—(@'+b)-(@" +b ),ifnisevenandmiSOdd

@a"+b")-@" -b™)
@"-b")-(@"+b™)

—@"-b")-(@" +b™)

—(@"+b")-@"-b") .. . )
( )-( ),1fn1sevenand miseven

@"+b")-(@"+bv")

n bm_am'bn

mopt 4. p™
b™ +a™-b"

n

n bm+am.bn

m bn_an'bm

m .bn _an .bm
n .bm _am .bn

a
a
a
a
a
a
a
a

m.b"+a"-b"’

_(an _bn)_(am _bm)

,if nisodd and mis odd

,if nis odd and miseven

,if niseven and mis odd

if niseven and miseven
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a"-b" —a"-b"
D if nisodd and mis odd
a”-b"+a"-b"
(-D"
a"-b" +a"-b"
=D ,if nis odd and miseven
a”-b"—a"-b"
_ (_1)"1
a"-b" +a"-b"
=D ,if niseven and mis odd
am .b}’l _an .bﬂl
(="
a®-b" —-a"-b"
) ,if niseven and mis even
a”-b"+a"-b"
(=D"
a”™m-p" " ) ..
——— — ,if nisodd and mis impar
all m +bn m
a"™m+b"™"
———if nisodd and miseven
_ an—m _bn
an7m+bn7m
— ,if niseven and mis odd
an m _b[l m
a"™"m—p"™" ) .
,if niseven and mis even
al’l m bn m
a” " +b" ,if n-misodd
_ a” " —b"™"
a”™m -p"™" .
—,1fn—mlseven
an m +bn m
Low if n-miseven
\/g‘Fn—m ’
%,ifn—misodd
_ Lnfm \/g'anm .
V5F., Lo, |

therefore, we obtain again the equality (B.9).

16) According to hypothesis and equalities (2.4), (A.5) and (A.6),

_ch(x-y) 5E L
sh(x—y)  |L, .5 Fn+mL

(55)cth(x-
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%,ifn-misodd

n—-m

n—

—_if n-miseven

J5-F

n—-m

_ \/g ) anm Lnfm .
Lnfm ’ \/g ’ l::n—m n—-m ,

which shows that the equality (B.10) holds.
Otherwise: According to hypothesis and equalities (2.4"), (16) and (17),

nlna-mlna —niIna+mlna Ina™™ Ina™™™

eV +e Y e +e e +e”
(56)cth(x-y)=
e

X-y _e—x+y = nlna-m-lna —nlna+mlna = Ina™™ —Ilna®™

¢ —€ e —e

n-m
- a”t | — i} _
"™ +a n+m_ (aJ _an m+(_b)nm
g m _afn+m - o (ljnm - gt m _(_b)n—m

a — -

n—-m n—-m

if n-misodd

n-m n-m

a
. _ b
a'1’1 m +bl’1 m
a ) )
if n-miseven
a

n-m bnfm ’

%,ifn-misodd

n—-m

n—

—_if n-miseven

J5-F

n—-m

_ \/g ) Fn—m Ln—m .
Ln—m , \/g ’ 1::n—m n-m ’

therefore, we obtain again the equality (B.10).
Otherwise: According to hypothesis and equalities (3.9), (B.1), (16) and (17),

L, \/E-Fn} { L, \/E-Fm} .

_cthx-cthy—l_{\/g'l:n’ L, |, [¥5-E, L,

(57)cth(x-y)= = =
—cthx+cthy | L, J5-F, . L. +5F
Vs L, | |V5-E L,
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,if nisodd and misodd

,if nis odd and mis even

5-FIn
.Fn Lm
- \/g.Fn . Lm _1
L .
= V5 Ey ,if niseven and mis odd
_\/g.Fl'l _+_ Lm
L, 5F,
E R
L, Ly if niseven and miseven
_\/g.FH +\/§'Fm ’
Ll'l Lm

a"+b" a”+b"
a"—b" a™ -b"
_a'+b" N a” +b"
a"—-b" a"-b"
a"+b" a" -b"
a" —b" a” +b"
_a'+b" N a”" —b
a"—-b" a"+b"
a"—b" a" +b"
a" +b" a" —b"
_a'-b" N a” +b"
a"+b" a"-b"
a"—b" a" -b"
a" +b" a" +b"
a"—b" a"-b"
B n n+ m m
a"+b" a"+b

-1

,if nisodd and mis odd

—,if nis odd and mis even

-1

,if niseven and mis odd

,if niseven and mis even

@a"+b")-(@a"+b™)—(a"—b")-(a™ -b"™)
—(@"+b")-(@™-b™)+(@" —-b")-(a™ +b™)’
(@"+b")-(@a™=b™)—(a" —b")-(a™ +b™)
—(@"+b")-(@a™+b™)+(@"-b")-(a™ -b™)’
@a"-b")-@" +b™)—(a"+b")-(a” -b"™)
—(@"-b")-(@™=b™)+(@" +b")-(a™ +b™)
@"-b")-@"-b")—(@"+b")-(@a™ +b™)
—(@"-b")-(@a"+b™)+(a"+b")-(a™ —-b™)

if nisodd and mis odd

if nisodd and miseven

,if niseven and mis odd

,if niseven and mis even

49 | www.ijahss.net



International Journal of Arts, Humanities & Social Science Vol. 02 - Issue: 11/ November_2021

=

-b™ +a™

-b"

=

.bm _am
-b™ —a™

=

-b"
-b"

=

b™+a™
.bm _am

=

-b"
-b"

=}

-b™ +a™
-b™ +a™

=

-b"
-b"

[S-I IR <-J - I I ST VI I =G -

=

-b™ —a™

a"-b" +a”

-b"

-b"

D"

an _bm_am

-b"

D"

a"-p™ —-a"

-b"

D"

a"-b"+a"

b

D"

a"-b™ —a"

-b"

D"

a"-b™+a"

-b"

D"

-b"

‘b

-b"

-b"

b"

-b"

-b"

‘b

-b"

-b"

,if nisodd and mis odd

,if nis odd and mis even

,if niseven and mis odd

,if niseven and miseven

,if nisodd and mis odd

—,if nisodd and miseven

,if nis par and mis odd

—,if niseven and mis even

,if nisodd and mis odd

,if nis odd and mis even

—,if niseven and mis odd

,if niseven and miseven
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a4 e nisodd and misodd

i
E

n

n—-m _ bn—m

—— if nisodd and miseven
n—-m +bn—m

n-m bl’l*m
n—-m + b[l*m
n—-m + bn—lTl

n-m __ bn—m

,if niseven and mis odd

,if niseven and miseven

|
Oy Yy Y e

,if n-misodd

if n-miseven

n-m bn—m ’

D if n-miseven

\/g.Fn—m
J5-F

——m f n-misodd

_ \/g : anm Lnfm .
Ly ’ \/g g n-m ’

therefore, we obtain again the equality (B.10).

Otherwise: According to hypothesis and equalities (2.4) and (B.9),

1 1
(58)cth(x-y)= =
th(X - y) Ln—m \/g : Fn—m
\/g ’ Fn—m ’ Lnfm e
; if n-misodd
L b

\/g ’ Fn—m

1
——— if n-miseven
\/g'Fn—m

Ln—m
%,if n-misodd
_ Ln+m
i Lam if n-miseven
\/g'Fn—m ’
_ \/g : l::n—m Ln—m .
Ln—m ’ \/g : anm n-m ’

therefore, we obtain again the equality (B.10).
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17) According to hypothesis and equalities (2.5) and (A.6),

1 2
ch(x-y) - [\/g ‘F_.. Lol .

(89)sch(x-y)=

L,if n-misodd
\/g'Fn—m

2

,if n-miseven

n—-m

— 2 2 .
V5-F . Low]|

which shows that the equality (B.11) holds.

Otherwise: According to hypothesis and equalities (2.5"), (16) and (17),

60)sch 2 2 2
( )SC (X_y)_ ex—y + e—x+y - en-]na—m-lna +e—n-]na+m-]na - elna"*m +e_1na"*m
2 2 2
= a1‘l—m +a—n+m = 1 n-m = anfm +(_b)nfm
a"™+
a
2 . .
—————,if n-misodd
_Ja"™-b
2 . .
————— . if n-miseven
a " +b

,if n-misodd

,if n-miseven

— 2 2 .
V5E L]
therefore, we obtain again the equality (B.11).

18) According to hypothesis and equalities (2.6) and (A.5),

1 2
(61)csh(x-y)= =7 1
Sh(X - Y) |_Ln—m 5 \/g ' I::n—m Jn—m
2 ifn-misodd
Ln—m

,if n-miseven

n-m
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—_— 2 2 .
Ln—m , \/g 'Fn—m n-m ’

which shows that the equality (B.12) holds.

Otherwise: According to hypothesis and equalities (2.6"), (16) and (17),

(62)csh(x-y) 2 2 2
CSh(X-y)="—"" Xty _ _nlna-mlna “nlnatmina n-m n-m
e y —e +y e 1 1 —e Ina+m:l elna _e—]na
_ 2 B 2 _ 2
g _a—n+m . 1 n-m o ognemo_ (_b)n—m
a —_— —
a
2 . .
m,lf n-misodd
_Ja""+b
2

if n-miseven

n-m bn—m ’

,if n-misodd

n—-m

,if n-miseven

2
J5-F

n—-m

—_— 2 2 .
Lyw ¥5-F ]

n—-m
therefore, we obtain again the equality (B.12). []
Now we can obtain other relationships between the terms of our sequences.

Corollary C: For every m, neN, the following equalities hold:

19) L} -5-F2 =4-(-1)" (C.1)
Fn+m +Fn7m = [Ln .Fm’Fn .Lm]m
20) , (C2)
Ln+m +Ln7m = [SFn 'Fm’Ln 'Lm]m
in particular:
Ln+1 + Ln—l = 5 : l::n
21) ; (C.2%)
1:n-i—l +l:‘n—] = Ln
Ln+m _Ln—m = [Ln ’ Lm ’5 : Fn ’ 1::m]m
22) , (C.3)
Fn+m _Fn—m =[I:n .Lm’Ln .Fm]m
in particular:
F.-FE_=F
23) n+l n-1 n . (C3,)
Ln+] - Ln—] = Ln
2-L,,. =L L +5F-F,
24) , (C4)
2-F,.=F-L_+L, -F

in particular:
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2'Fn+1 :Fn +Ln

25) ; (C4")
2-L, =L +5F
2.-L _=(=D""-(5-F-F_ -L_-L

26) n—-m ( ) ( n m n m) i (CS)
2-F__ =-D""-(L,-F,-F L)

in particular:

2'1::n—1 :Ln _Fn

27) ; (C.5")
2-L,, =5F -L,
Fn+m . Fnim _FHZ — (_1)n+m+l . F2

28) X , (C.6)
Ly Lo —L =(=D™™ L2 =4 (=1

in particular:

F.,-F -F=(-1)

29) n+l n-1 n ( ) l : (C6,)
Ln+1 'Lnfl _LG = 5 ’ (_1)n+
E_,-FE_, —F =(-1)"

30) n+2 n-2 n ( ) ) (C6”)
Ln+2 'Ln72 _LG = 5 ’ (_1)“

Proof: 19) According to the equality (3.1), for every xeR,
ch’x-sh’x=1 ,

which, according to the equalities (A.1) and (A.2), becomes:

(63)(I V5 FuLulo (L, V5 -Ful,)=4.
From the equality (63) we obtain that:

5-F -1’ =4,if nisodd
L’ —=5-F =4,if niseven ’
which shows that equality (C.1) holds.

Otherwise: From the equalities (9), (10) and (14), it follows that, for every neN:
L2-5.F2 =(a"+b")*-(a"-b")’=4-a"b"
=4.(-1)"; since:
a-b=-1.
20) + 21) From the equalities (4.31) and (4.63), it follows that, for every x, yeR:

(64)sh(x+y)+sh(x-y)=2-shx-chy,
respectively

(65)ch(x+y)+ch(x-y)=2-chx-chy.
Now, from the equalities (64), (65), (A.1), (A.2), (A.3), (A.4), (A.5) and (A.6), with the notations used above, it
follows that, for every m, neN:
1 1 1 1
(66) 5 ' [Ln+m’ \/g ‘Fn+m] n+mTt E '[Ln—ms \/g ‘Fn—m]n—mzz‘ 5 . [Lns \/g ‘Fn]n' E [ \/g 'FmsLm]ms

respectively:
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1 1 1
(67) % [ \/g 'Fn+m7Ln+m]n+m+ E [ \/g 'Fn-van—m]n—mzz' 5 [ \/g 'Fn’Ln]n' E [ \/g 'Fvam]m’

that is:

(68) [Ln+m’ \/g 'Fn+m]n+m+[Ln»mv \/g 'Fn—m]n—m:[an \/g 'Fn]n'[ \/g 'Fm’Lm] m»

respectively:

(69)[ \/g ‘Fn+maLn+m]n+m+[ '\/g 'Fn-msLn—m]n—m=[ \/g ‘Fn,Ln]n'[ \/g 'FmaLm] m-
From the equalities (68), (69) and (*), obtain that:

J5-E. ++5-F_ =L_-+/5-F_,if nisodd and mis odd
L..+L =L -L_ ,if nisodd and miseven
(70) ,
Ln+m+Ln7m:\/§-Fn-\/§-Fm ,if niseven and mis odd
\/E-me +\/§-Fn_m = \/§~Fn -L_,if niseven and miseven
respectively:
L..+L, . :\/E-Fn -\/E-Fm ,if nis odd and mis odd
\/§-Fn+m +\/§-Fn_m :\/E-Fn -L,,,if nisodd and mis even
(71)
\/E-me +\/§'an =L, -\/E-Fm,if niseven and mis odd
L..,+L, . =L -L_ ,if niseven and miseven
that is:
E +E =L _-F ,if nisoddand misodd
L. +L =L -L_,if nisoddand miseven
(72) L ..+L,.=5F-F  if nisevenand misodd -
F. +F _=F-L_ ,if nisevenand miseven
respectively
L..+L,.=5F-F_ if nisodd and misodd
F .+E_.=F L ,if nisodd and miseven
(73)

F, +F =L F . ifnisevenand misodd

n+m

L..,+L, . =L -L_ ,if nisevenand miseven

n+m

From the equalities (72) and (73), obtain that:

L..+L,.=5FE-E, if misodd
F..+F_.=F L, ,if miseven
(74) T ,
F..+F_.=L,-E, ,if misodd
L..+L,.=L, -L, ,if miseven
that is:

Ln+m + Ln—m = [5 ’ Fn ’ 1::m ’Ln ' Lm]m
(75) :
Fn+m +Fn—m = [Ln 'Fm’Fn 'Lm]m
Therefore, the equalities (C.2) hold. For:

m=1,
from the equalities (C.2), obtain that:
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Fa+F., =L, -KE L]

n+l

(76){Ln+1 +Ln71 :[S.Fn .Fl’Ln .Ll]l )

Because:

Fi=L=1,
from the equalities (76) and (*), obtain the equalities (C.2'):
- {Ln+l +L,,=5F, |

Fn+1 + Fn—] = Ln
Otherwise: From the equalities (9), (10) and (14), it follows that, for every m, neN:

qitm _pntm go-m _ pnom 1 - A a" b"
(78)FymtFon= + a"-a”-b"-b" +———

a—-b a-b :a—b a”™ b"
_ 1 Lo a™ by 42 -b™ —-a"-b
a-b | (a-b)"
_ 1 "2 —b“-bm+a b™ —a™-b
a-b | D"
! [a"-a™ —-b"-b™ —a"-b™ +b"-a™],if misodd
_ a—-b
! [@a"-a™ —=b"-b™ +a" -b™ —b" -a™],if miseven
a—-b
@ +b")- 22" if mis odd
a_
a’-b (@™ +b™),if miseven
a_

{Ln -F_,if mis odd

F, -L,,if miseven

=[LyFu,FoLinlms
respectively:
a'l'l n
(79)Ln+m+Ln-m=an+m+bn+m+an_m+bn_m:an'am+bn'bm+ “m + Tm
a” b
aomon.m abm+a™-b" - a"-b"+a"-b"
=a-a +b b+ — =a-a +b ‘b + —~
(a-b) (-1

a"-a" +b"-b" —-a"-b™ —-b" -a™,if misodd
a"-a"+b"-b"+a"-b™ +b"-a",if miseven

{(a“ —b")-(@a™ —=b™),if misodd

@"+b")-(@™ +b™),if miseven
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{S-Fn-Fm,ifmisodd

L, -L, .if miseven

=[5-Fy-Fon,Lo-Linlm;

that is, we obtained, again, the equalities (C.2). Analogous, for:

m=1
obtain that:
a'n+1 _bn+1 an—l _bn—l 1 N N an bn
(80)F, 1 +F,. 1= + = Ja"-a-b"-b+———
a—-b a-b a-b a b
1 a"-b—a-b" 1 a"-b—a-b"
= a"-a—-b"-b+ = Ja"-a-b"-b+———
a-b a-b a— -
1 n n n n n n
= -[a"-a—b"-b—a"-b+b"-a]=a"+b
a—b
=Ln;
respectively:
n+l n+1 n-1 n-1 n n an n
@)L, +L,=a" +b +a +b =a-atb -b+—+F
a
. .. a"-b+a-b" _ _ a"-b+a-b"
=a-a+b b+ —mM8M8M8M8M8 =3 -a+b b+ —mM8M8M8M
a-b -1

=a"-a+b"-b-a"-b-b"a=(a"-b")-(a-b)
=5-Fy;
that is, we obtained, again, the equalities (C.2").
22) + 23) From the equalities (4.32) and (4.34), it follows that, for every x, yeR:

(82)sh(x+y)-sh(x-y)=2-chx-shy,
respectively

(83)ch(x+y)-ch(x-y)=2-shx-shy.
Now, from the equalities (82), (83), (A.1), (A.2), (A.3), (A.4), (A.5) and (A.6), with the notations used above, it
follows that, for every m, neN:

1 1 1 1
(84) E '[Ln+my \/g 'Fn+m]n+m' E '[]—fn-m9 \/g 'Fn—m]n—mzz' E [ \/g 'FnaLn]n' E '[Lm, \/g 'Fm]ma

respectively:

(85) % [ '\/g 'Fn+m»Ln+m] n+m” % [ '\/g 'Fn—msLn—m]n—mzz‘ % . [Lns \/g ‘Fn]n' % '[Lms \/g ‘Fm]ms

that 1s:

(86) [Ln+ms \/g 'Fn+m]n+m' [Ln-ms \/g ‘Fn—m]n—mz[ \/g 'FnsLn]n‘ [Lms \/g ‘Fm]ms

respectively:

(87)[ \/g 'Fn+maLn+m]n+m'[ '\/g 'Fn-maLn—m]n-m:[Lna '\/g 'Fn]n' [Lm, \/g 'Fm]m-
From the equalities (86), (87) and (*), we deduce that:
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J5-F, —~5-F_ =+/5-F -L_,if nisodd and mis odd
Ln+m—Ln_m:\/§-Fn-\/§-Fm ,if nisodd and miseven
L..-L..,=L -L_ ,if niseven and misodd

\/E.me —\/g-Fn_m =L, -\/E-Fm,ifniseven and mis even

respectively:

(88)

L..-L,..,=L ‘L. ,if nis odd and mis odd
\/g-me —\/E-Fn_m =L, -\/g-Fm,if nisodd and miseven
®) \/g-me —\/E-anm = \/E-Fn ‘L ,if niseven and mis odd
L. ..-L . :\/g‘Fn '\/g-Fm ,if niseven and miseven
that is:
F..-F_.,=F L, ,if nisoddand misodd
L..-L, . =5F" F if nisoddand miseven
90) L..-L,.,=L, L, ,ifnisevenand misodd -
F. .—-F_ =L -F  ,if nisevenand miseven
respectively
L ..-L =L -L_,ifnisoddand misodd
o) F..—F =L -F ,if nisodd and miseven '
F..—F__=F -L_ ,if nisevenand misodd

L..-L,,.=5F E . ifnisevenand miseven
From the equalities (90) and (91), we deduce that:

L. ..—-L _=5F-F  ifmiseven

o2) F..—-F _=F -L_ ,if misodd
F F =L -F ,if miseven’

+m n—-m

L ..-L =L -L_,ifmisodd

that is:

Ln+m - Lnfm = [Ln ’ Lm ’5 ' Fn ’ Fm]m
93 :
F _Fn—m:[Fn'Lm’Ln'Fm]m

n+m

Therefore, the equalities (C.3) hold. For:
m=1,
from equalities (C.3), obtain that:

Ln+1 _Ln—l =|:I“n .LI’S'Fn E]l
94)
F.—F.=[F L.L,-E]

n+l

Since:
Fi=L=1,

from equalities (94) si (*), obtain the equalities (C.3'):
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F.,,-F =F

n+l n-1 =~ “n

Ln+l - Ln—l = Ln
(95) ,

which are even equalities (1) and (2).

Otherwise: From the equalities (9), (10) and (14), it follows that, for every m, neN:

(96)1::11+m'Fr1-m=a _b 'a _b = 1 . an.am_bn.bm_a__b_
a—b a—b a—b a”™ b"
_ 1 -a“-am—b“-bm—a -b™—a™-b
a-b | (a-b)™
_ 1 Lamam_prpm @ -b"—-a™-b
a-b | D™
! [a"-a™ —b" -b™ +a" -b™ —b" -a™],if misodd
_ a—-b
L ‘[a"-a™ —=b"-b™ —a" -b™ +b" -a™],if miseven
a-b
@™ +b™)- 2 "> if misodd
Q(a“ +b"),if miseven
a-b

{Fn -L_,if mis odd

L, -F,,if miseven

=[Fy- L, Lo Frnlms

respectively:

n n
I a” b
(97)L,im-Lym=a™ " +b" 2" "4b" "=a"a"+b" b — + —
m m
a” b
n m m n n m m n
by 2 -b" +a”™-b a2 -b"+a"-b

(a-b)" D"

{a“ .a™+b"-b" +a"-b™ +b" -a™,if misodd

a"-a"+b"-b"—-a"-b" —-b"-a",if miseven

{(a“ +b")-(@™ +b™),if misodd

(@a"—=b")-(a™ —b™),if miseven

L,-L, ,if misodd
5-F -F, ,if miseven
=[Ln'Lm’5‘Fn'Fm]m;

that is, we obtained again the equalities (C.3). Analogous, for:

59 | www.ijahss.net



International Journal of Arts, Humanities & Social Science Vol. 02 - Issue: 11/ November_2021

m=1
obtain that:
n+l _ pon+l n-1 _ 3.n-1 n n
(98)Fn+l'Fn-1=a b 'a b = ! . an'a—bn'b—a——b—
a—b a—-b a-b a b
— 1 . an.a_bn.b_a -b_a-b _ 1 ) an.a_bn’b_a .b_a.b
a—b a-b a— 1
= 1 .[an.a_bn.b+a“.b_bn,a]:(a -b )(a+b)
a—b a-b
=Fy;
respectively:
n+l n+l _n-1 n-1 n n an bn
(99)L,-L,=a"" +b" -a" +b" =a"a+b"b-— +—
a
. .. a"-b+a-b" _ _ a"-b+a-b"
=a"a+b"b- ——M8 =a"a+b"b- —8M8M
a-b -1

=a"-a+b"-b+a"-b+b"a=(a"+b")-(a+b)
=Ly;

that is, we obtained again the equalities (C.3"). In equalities (98) and (99) we took into account the fact that,
according to equality (5):

a+b=1.
24) + 25) from the equalities (C.2) and (C.3), we obtain that:
L -F ,if misodd
F -L,,if miseven’
5-F -F_,if misodd

L, -L, ,if miseven

(100) FoimtFoom= {

(101) Lyimt+Lom= {

F -L,,if misodd
L, -F ,if miseven’
L L ,if misodd

5-F -F_,if miseven

(102) FoimFom= {

(103) Ln+m‘Ln—m:{
Suming the equalities (100) and (102), we obtain that:

L,-E,+F -L,,if misodd

(104) 2‘Fn+m= . . ’
F -L_+L_ -F ,if miseven

that is:

105) 2-F,yn=LyFy+F, L.
Suming the equalities (101) and (103), we obtain that:

5-F -F_+L, -L_,if misodd

106) 2-Ly.n= ,
(106 2Ly {Ln-Lm+5-Ln-Fm,ifmiseven
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that is:

(107) 2-Ls i =5-Fy-Ft L L.
The equalities (105) and (107) are exactly the equalities (C.4). In particular, for:

m=1,
from the equalities (105) and (107), we obtain that:

(108) 2-F, ;=L F+F,-L;.
respectively:

(109) 2'Lm+1=5 'Fn'F1+Ln'L1 .
Since:

L1=F1=1,
from the equalities (108) and (109), we obtain that:

(110) 2-F,=L,+F,.
respectively:

(111) 2-L,,=5-F,+L,.
The equalities (110) and (111) are exactly the equalities (C.4").

Otherwise: According to the equalities (9), (10) and (14), it follows that, for every m, neN:

(112) L, L,+5F,F,="+b"-(a"+b™)+(a"-b")-(a"-b™)
=an+m+an.bm+bn.am+bn+m+an+m_an.bm_bn_am+bn+m

=2.(an+m+bn+m)
=2-Lpsm;

respectively:

(113) F,L,+L,Fu= Lb [(a"-b"-(@"+b™)+(a"+b")-(a"-b™)]
a f—

— 1 .(an+m+an.bm_bn.am_bn+m+an+m_an.bm+bn.am_bn+m)

a-b

1
=2 . n+m_bn+m
—a b (a )

=2-Frim.
The equalities (112) and (113) are exactly the equalities (C.4). On the other hand,

(114) L,+5-F,=a"+b"+(@"b")-(a-b)=a"(1+a-b)+b™(1-a+b)
=a"(a+b+a-b)+b™ (a+b-a+b)=2-(a™'+b™")

=2-Lo1;

respectively:

(115) F+L,=

! 5 -(a"—b“)+(a“+b“)=Lb [(@"-b"+(a"+b")-(a-b)]

1
— _(an_bn+an+l _an‘b+bn'a_bn+l )=

b b -[a"™(1+a-b)-b"(1-a+b)]
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_ ! -[a”-(a+b+a—b)—b"-(a+b-a+b)]=2-L-(a““-b“”)
a—b a—b

=2-Fp1.
The equalities (114) and (115) are exactly the equalities (C.4").
26) + 27) Subtracting the equalities (100) and (102), we obtain that:

L, -F, —-F -L,.,if misodd

F.L_-L_-F_,if miseven’

(116) 2-Fn_m:{
that is:

(117)  2:Fon=(-1)"" (Lo Fop-FyLuy).
Subtracting the equalities (101) and (103), we obtain that:

5-F,-F,-L,-L, ,if misodd

118) 2.L, .= ,
8 2L {Ln-Lm—S-Ln-Fm,ifmiseven

that is:

(119) 2-Lpuw=(-1)™"-(5-Fy-Foy-Ly-Lyo).
The equalities (117) and (119) are exactly the equalities (C.5). In particular, for:

m=1,
from the equalities (117) si (119), we obtain that:

(120) 2'Fn_1=Ln'F1-Fn'L1.
respectively:

(121) 2'%_1=S'FH'F1-LH'L1 .
Since:

Li=F=1,
from the equalities (120) and (121), we obtain that:

(122) 2-F,,=L,-F..
respectively:

(123) 2-L,,;=5F,-L,.
The equalities (122) and (123) are exactly the equalities (C.5").

Otherwise: According to the equalities (9), (10) and (14), it follows that, for every m, neN:

(124) 5-F,F,- L,L,=(a"-b"-(a"-b™)-(a"+b")-(a™+b™)
R T I

n .bm+bl’1‘am

D"

a
=2.@"b™+b™a™)=-2-(-1)™

,a"-b"+b"-a"

=2.(-1 m-
- T

=2'(_ 1 )m— 1 ‘(an—m+bn-m)

=2-(-D)™ " Ly

respectively:
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1
(125) L, Fuy-FoLy= — (@ +b")-(a™-b™)-(a"-b")-(a™+b™)]

1
- b .(an+m_an.bm+bn'am_bn+m_an+m_an'bm+bn'am+bn+m)
a p—

=2.

! -(a"~bm-b“-;;1’“):-2.L.(-1)““.a b"-b"-a
a—b a—-b -n"

g a -b"—=b"-a" 1
(-DH™

=2. =2. (-1 m-1 n-m_pn-m
a—b a”-b™ a—b b7 )

=2-(-1)™ F,

The equalities (124) and (125) are exactly the equalities (C.5). On the other hand,

N 10 , 041D 1 (an+bn)‘(a_b)_an+bn
(126) ]—‘n'I n—=a +b -(a -b ) =
a_b a_b

_a"™—a"-b+b"-a-b"" —a"+b" a"-(a-b-D+b"-(a-b+])
- a—b - a—b

_a"-(a-b—a-b)+b"-(a—b+a+b) —a"-b+b"-a
- a—b - a-b

—-a"-b+b"-a a"-b-b"-a

n n n-1 n-1
b-b"-a _a"'-b
- - 5.2 b-b"-a

a-b

(-)-(a-b) _a-b-(a-b) ~ a-b

=2'Fn—1 5
respectively:

(127) 5-F,-L,=(a-b)-(a"-b")-(a"+b"=a""-b"a-a"b+b™'-a"-b"
=a"(a-b-1)+b"(-a+b-1)=a" (a-b-a-b)+b"-(-a+b-a-b)

1
=-2-(a"b+b"a)= N 2-(a"b+b"a)=2-(a"'+b™ ")
a

=2'Ln_1.
The equalities (126) and (127) are exactly the equalities (C.5").

28) + 29) + 30) By multiplying, member by member, the equalities (3.2) and (3.3) and taking into account the
equality (3.1), we obtain that, for every x, yeR:

(128) sh(x+y)-sh(x—y):(shx-chy+chx-shy)-(shx-chy—chx-shy):shzx-chzy—chzx-shzy
=sh2x'( 1 +sh2y)—( 1 +sh2x)‘sh2y=sh2x+sh2x-shzy—shzy- shzx-shzy
=sh’x-sh’y.

On the other hand, by multiplying, member by member, the equalities (3.4) and (3.5) and taking into account the
same equality (3.1), we obtain that, for every x, yeR:

(129) ch(x+y)-ch(x-y)=(chx-chy+shx-shy)-(chx-chy-shx-shy)=ch®x-ch’y-sh*x-sh’y
=ch’x- chzy—(chzx— 1) shzy:chzx-( 1 +sh2y)—ch2x- sh2y+ shzy
=ch2x+ch2x-sh2y—ch2x.sh2y+sh2y

=ch2x+sh2y.
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Now, from the equalities (128), (A.1), (A.3) and (A.5), we obtain that, for every m, neN:

1 1 1
(130) ' [Ln+ms '\/g ‘Fn+m]n+m‘ E '[Ln-m, '\/g 'Fn-m]n—m= Z ‘([Lns \/g ’Fn]n)z' Z '([Lms '\/g ’Fm]m)z,

1
2
that is:

(131) [Ln+ma \/g 'Fn+m]n+m' [Ln-m, \/g 'Fn-m]n-m=([Lm \/g ’Fn]n)z'([Lma \/g 'Fm]m)z'

So:
\/E-Fn+m~\/§~Fn_m=L2n—L2m ,if nis odd and mis odd
L.-L_=1)-5F ,if nis odd and miseven
(132) . s o . ,
Lom-Lyn=5F-L" ,if niseven and mis odd
J5-F,,,-V5-F_, =5-F -5-F,if niseven and mis even
that is:
5.F, -F__=L12-L,if nisodd and mis odd
L. -L__=L)-5F,if nisodd and miseven
(133) )

L.. L. . =5~F“2 —Lzm,ifniseven and misodd

n+m

F. -F _=F"—F* ,if niseven and miseven

n+m n—-m

On the other hand, from the equalities (129), (A.1), (A.2), (A.4) and (A.6), we obtain that, for every m, neN:

(134) % V5 FurmLnsmluen % 15 -Fn,m,Ln,m]n.m:% (5 -Fn,Ln]n)Z& (Lo V5 Faal)s

that 1s:

135) [V5 FumLosndwen [ V5 FomLomlon=( V3 FaLaln) (L V5 ol

So:
Ly L, n=5F+L ,if nis odd and mis odd
\/E-me ~\/§~Fn_m =5-F> +5-F,if nisodd and miseven
(136) ' " ;
J5-F, A5F =L’ +1I* ,if niseven and misodd
LnL,_,=L+5F ,if niseven and miseven
that is:
L,.-L,,=5F +L if nisodd and mis odd
F. -F__=F+F ,ifnnisoddand miseven
(137) ! "
5-F,,,-E_, =L +L’ ,if niseven and mis odd
L, L, =L* +5-F if niseven and miseven

From the equalities (133) and (137), we obtain that, obtinem ca, for every n, meN,
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(138)

F

n+m

(139)

n+m
n+m

n+m

L
Ln+m

F

n+m

F

n+m

‘L —L2n =5~F"2 +L2m —LG ,if nis odd and mis odd

-L,,—-L,=5F-L -L ,if niseven and mis odd

‘L. -L* =5-F ,if niseven and mis even
L, -L'=-5F ,if nisodd and miseven
F_-F=F ,if nis odd and mis even
‘F - F> =—-F° ,if niseven and mis even

5-F, ‘F__-5F :LG +L2m —5-FZ,if niseven and mis odd

5-F, ‘FE__-5-F =L’ -’ -5-F,if niseven and mis odd
that is, according to the equalities (10) and (14):

L

n+m

F . _Fnz — (_1)n+m+1 . Fj

n

Ly =L =)™ L2 4D

m

From the equalities (139), for:

m=1

obtain that:

|

(140)

F

because:
F1=L
and, for:

m=2,

n+l

n+l

l=1$

L, =L +5(-)™

F,=F+(1"

n

from the same equalities (139), we obtain that:

(141)

Ln+2 ' Ln—2 = LG +5- (_l)n
E,, E,=F+-D""

The equalities (140) and (141) show that the equalities (C.6") and (C.6") also hold.

Otherwise: According to the equalities (10) and (14), for every m, neN,

(142) Loy Lon-L 2 =@ ™4b™™)-(@"™+b"™)-(a"+b")’

and
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am bm (am+bm)2
| 2 | [ 2 g
(-1 me amJ (-1 { (@-b)" }

=(_] )n+m‘(am+bm)2_4‘(_1 )n’



International Journal of Arts, Humanities & Social Science Vol. 02 - Issue: 11/ November_2021

_ _ 2
an+m_bn+m an m_bnm (an_an

(143) FoFonFo =

" a-b  a-b a-b
_ a2n _an+m .bn—m _an—m .bn+m +b2n _a2n +2.an .bn _b2n
(a—b)’

_an+m . bn—m _an—m . bn+m + 2 . an . bn
(a—b)’

" m m my2
=(_1)n+1';'(a__2+b j=(_1)n+1. 1 (a -b )

b" a™ (a—b)? (a-b)"

=(_1)n+m+l'F 2

m

The equalities (142) and (143) are exactly the equalities (C.6). On the other hand, according to the same equalities
(10) and (14), for every neN,

(144) LoyiLy L2 =@ 4+b™")-(@"'+b™)-(a™+b")’

2 1 -1 -1 1 2; 2 2
=a""+a""" b +a" -b" +b 222" b "-b™"

a b
=™ b " b 2" b = (- 1) (_ 2 _j
b a

2
=(-1)"™ {@ - 4} =(-D)™"(a D) 4-(-1)"=(-1)" -4 (-1)"

a.

=5.(_1)n+1

and

2
5 an+1 _bn+1 an—l _bn—l an _ bn
(145) l:n+1'Fn—1'Fn = -

a-b  a-b a—-b
_ a2n _an+1 _bn—l _an—l _bn+1 +b2n _a2n + 2_an _bn _b2n
) (a—b)’

_an+1 .bnfl _anfl .bn+1 +2.an _bn - 1 a b
— 3 :(_1) " ——2 4=

(a—b) (a—b)” \b a
:(_1)n+l. 1 . (a_b)2 :(_1)n
(a-b)> a-b

=(_1)n+2.

The equalities (144) and (145) show that we obtained, agai, the equalities (C.6"). Finally, also according to the same
equalities (10) and (14), for every neN,

(146) Ln+2'Ln-2‘Li =(an+2+bn+2)‘(an—2+bn—2)_(an+bn)2:a2n+an+2'bn—1+an—2'bn+l+b2n_a2n_2‘an‘bn_b2n

5 ) 2, 1242
=an+2'bn-2+an-2.bn+2_2.an‘bn:(_1 )n‘ a_2 -2+ b_2 :(-] )n, w -4
b a (a-b)

=)™ @467 4 (- D)"=(- DL 4 (-1)"=(-1)"9-4-(-1)"

66 | Study Of Fibonacci And Lucas Sequences, With The Help Of Hyperbolic Functions: Teodor Dumitru Valcan



©lInstitute for Promoting Research & Policy Development ISSN 2693-2547 (Print), 2693-2555 (Online)

and

=51

(147) P, F,-Fo=

_ _ 2
an+2 _bn+2 Q" 2 —b" 2 (an _bnj

a-b  a-b a—-b
~ aZn _an+2 _br172 _an72 _bn+2 +b2n _a2n +2‘an .bn _b2n
(a—b)’
_an+2.bn—2_an—2.bn+2+2.an.bn - 1 a.2 b2
= ; =D | 3 2t
(a—b) (a—b)® | b a
1 (aZ_bZ)Z_

:(_1)n+1' —(—1)”+l-(a+b)2

(a—b)’ (a-b)’

=(_1)n+l'

The equalities (146) and (147) show that we obtained again the equalities (C.6").

4. Conclusions

Here, then, that these functions, through their properties, have interesting applications in Algebra, see also (Vilcan,
(1), 2019). Of course, the reader who is attentive and interested in these issues, using the results of the works in the
bibliographic list, can obtain other applications of hyperbolic functions, not only in Algebra, but also in Geometry
or Mathematical Analysis.
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